In this paper the transient thermal stress problem in a hollow cylinder or a disk containing a radial crack is considered. It is assumed that the cylinder is reinforced on its inner boundary by a membrane which has thermoelastic constants different than those of the base material. The transient temperature, thermal stresses and the crack tiro stress intensity factors are calculated in a cylinder which is subjected to a sudden change of temperature on the inside surface. The results are obtained for various dimensionless parameters and material constants. The special cases of the crack terminating at the cylinder-membrane interface and of the broken membrane are separately considered and some examples are given.
Introduction^ r
Cracking due to thermal stresses arises in many practical applica- u due mechanical stresses is sufficiently small, then because of the selfequilibrating nature of the thermal stresses the growth of the crack in thickness direction is generally arrested. A clear demonstration of this process may be seen in the results reported in [1] where it was observed that in relatively thick-walled hollow circular glass cylinders suddenly cooled from inside an axial initial crack penetrated into the cylinier wall only partially but propagated axially along the entire length of the cylinder. It is clear that in such problems the corresponding plane strain or plane stress solutions may provide very useful bounds for the actual part-through crack problem.
The axisymmetric problem for a thick-walled cylinder containing a part-through circumferential crack and subjected to transient thermal stresses was considered in [2] . In this paper we consider the ,corresponding plane strain or plane stress problem for a hollow circular cylinder which contains a radial crack. To simulate the cladding (in, for example, nuclear pressure vessels) it is assumed that the cylinder is reinforced on the inside boundary by a (thin) membrane. The results found may also be applicable to other composite cylinders or disks in which the thickness of the inner cylinder or ring is relatively very small.
In solving the problem it is assumed that the material is linear, the thermo-mechanical constants of the cylinder and the reinforcing membrane are independent of temperature, the bending stiffness of the reinforcing membrane and all thermoelastic coupling effects are negligible, and the transient thermal stress problem may be treated as a quasi-static time-dependent problem, that is, all inertia eff , ?c-`s may be neglected.
.Previous studies on dynamic thermoelasticity indicate that this last assumption, which simplifies the analysis of the problem quite.considerably, would not cause any significant". changes in the results (see, for example, [3] and [41). Since the problem is linear the solution of the crack problem due to thermal stresses and to all other sources of loading may be considered separately. Also, the solution of the crack problem under thermal stresses may be obtained in two steps. The first would be the calculation of time-dependent thermal stresses in an uncracked reinforced cylinder under given temperature and stress boundary conditions.
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Then the second step would be the solution of an isothermal crack problem in which the self-equilibrating crack surface tractions equal and opposite to that obtained in the first solution are the only external loads. The complete solution may be obtained by adding these last two solutions to the other isothermal results. Needless to say, in thermal stress as well as in the isothermal problems the important information which is useful in fracture considerations is contained in the perturbation solutions.
The Thermal Stresses
Referring to Figure l for notation let the temperatures in reinforcing and main cylinders be T l and T2 , respectively. If we assume that the crack surfaces are well-insulated, then T 1 and T2 would be functions of radial coordinate r and the time t only. Let To be the initial temperature of the composite cylinder and the temperature changes e l and 8 2 be defined by 6 1 (r;t) = T1 ( r ,t) -To , (ao<r<a, 0<0 (1) e 2 (r,t) = T2 (r,t) -To , (a<r<b, 0<t)
Ir the case of uncracked cylinders the problem is axisymmetric, the shear stresses are zero, and the relevant displacement and stress components may be expressed as follows (see, for example, [51): 
Thus, from (3), (4), (6) and (7) it can be shown that To obtain the temperature distributions e l and e 2 the following diffusion equations must be solved under given initial and boundary condi- OF POOR QUALITY sKoZoo(ao*an'a*Xn)Zll("n,sa*an) + Zol (sa*X n 10A n )Z ol (ao*Xn' a*Xn )
and J n and Y n are the Bessel functions of first and second kind, respectively.
The thermal stresses in the composite cylinder without the crack may be obtained by substituting from (16) and (17) ? a*zF2 ( 
(24 a-d) and, for simplicity, it is assumed that v 1 = v2 = v.
If one further assumes that E l = E2 = E as well as v 1 = v2 = (i.e., that the elastic constants but not the thermal coefficients of the two cylinders are the same), then the expressions for hoop stresses are further simplified and become where aF is a measure of the yield condition of the material (e.g., the flow stress).
For the very thin inner cylinder mentioned above it can be shown that H*(gi n ) ° Tra -a an rZ110A n ,sa*a n ) " a Zoo (^^n^sa*an)J s F1(a*) = 0 , e l (a*,t*) = e ao (30) and from (29) we find
The Crack Problem
The thermal stress problem for a composite cylinder containing an axial crack in a radial plane ( Fig. 1 ) may now be solved by using the equal and opposite of the hoop stress given by (23) 
From (35b) and the definition of f as given by (38) After solving (37) the Mode I stress intensity factors at the crack tips a and g may be determined from k l (e,t) _
1imr-e f(r,t) = ^ F e,t (43) r-*e rf(g-e)/2 k l (g,t) _ -K lim 2 g-r f(r,t) K F ,t (44) r+g
In thn special case of the inner crack tip touching the reinforcing membrane (i.e., for a=a) it was shown analytically in [6] that at this crack tip the derivative f of the crack surface displacement is bounded.
Physically this follows from the fact that since the membrane has no bending 4tiffness, when the crack touches it, it would form a kink. In this case the solution of (37) is of the form f(r,t) = F r,t7 (a=e<r<g , 0<t) (45) (g-r)ŵ here the bounded function F is determined by following the technique used in [6].
In the other special case in which the external loads are sufficiently high so that the membrane is fully yielded (if, for example, e ao>e F and no mechanical loading is present), the problem may be treated as an "edge crack" problem and the yielding membrane may be replaced by constant tensile tractions on the crack surface. In this case, too, the only relevant stress intensity factor is that at the crack tip r=g.
Finally, there is the case of the broken membrane in which the problem may be treated as an edge crack problem. Note that for longer crack lengths the outer tip r=g of the crack would be in the compression zone and consequently the related stress intensity factor becomes negative.
Results and Discussion
In the case of the inner crack tip terminating at cylinder-reinforcement interface the stress intensity factor at the outer tip r=g is shown in Figure 6 . It may again be observed that as g increases the stress intensity factor k l (g,t) decreases and eventually becomes negative. In these calculations, too, it is assumed that E l = E2=E, vl=v2=v.
The effect of modulus ratio E l /E2= E* on the transient thermal stress aTin the main cylinder is shown in Figure 7 for the case of plane strain and in Figure 8 Tables 3 and 4 show the corresponding normalized stress intensity factors for an embedded crack. The results for the crack touching the membrane and for the broken membrane (i.e, for the edge crack) are given in Table 5 . Note that for the broken membrane case generally the stress intensity factors are considerably higher.
Tables 1-4 and Figure 6 clearly show that an internal crack in a cylinder undergoing thermal shock at the inner boundary would always tend to propagate towards the inside wall, it may be arrested at the cylinder-reinforcement boundary if the reinforcement material is sufficiently tough, and under thermal shock alone it is not possible for the crack to propagate through the entire wall thickness of the cylinder.
The tables also show that, generally for a given crz,ck geometry the stress intensity factors first increase and, after going through a maximum, then stavt deC reasing with increasing time. This behavior as well as the fact that for relatively long cracks the stress intensity factors at the two crock tips may have opposite signs is suggested by the thermal stress Sternberg, E. and Chakravorty, J.G., "On Inertia Effects in a Transient Thermoelastic Problem", J. Appl. Mech., Vol. 26, Trans. ASME, pp. 503-508, 1959.
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